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LetD be a strong digraph. The strong distance between two vertices u and v inD, denoted by
sdD(u, v), is the minimum size (the number of arcs) of a strong subdigraph of D containing
u and v. For a vertex v of D, the strong eccentricity se(v) is the strong distance between v
and a vertex farthest from v. The minimum strong eccentricity among all vertices of D is
the strong radius, denoted by srad(D), and the maximum strong eccentricity is the strong
diameter, denoted by sdiam(D). The optimal strong radius (resp. strong diameter) srad(G)
(resp. sdiam(G)) of a graph G is the minimum strong radius (resp. strong diameter) over all
strong orientations ofG. Juan et al. (2008) [Justie Su-Tzu Juan, Chun-MingHuang, I-Fan Sun,
The strong distance problem on the Cartesian product of graphs, Inform. Process. Lett. 107
(2008) 45–51] provided an upper and a lower bound for the optimal strong radius (resp.
strong diameter) of the Cartesian products of any two connected graphs. In this work, we
determine the exact value of the optimal strong radius of the Cartesian products of two
connected graphs and a new upper bound for the optimal strong diameter. Furthermore,
these results are also generalized to the Cartesian products of any n (n > 2) connected
graphs.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
The distance in a directed graphD is not ametric on the vertex set V (D); usually, dD(u, v) ≠ dD(v, u) for any two vertices
u, v ∈ V (D). So, Chartrand et al. [1] introduced the strong distance between two vertices u and v in a strong digraph D. The
strong distance between two vertices u and v in D, denoted by sdD(u, v), is the minimum size (the number of arcs) of a
strong subdigraph of D containing u and v. It was shown in [1] that the strong distance is a metric on the vertex set of D.
Fig. 1 shows a strong digraph with sd(w, v) = 3, sd(u, w) = 5 and sd(u, x) = 6.
The strong eccentricity se(v) of a vertex v in a strong digraph D is
se(v) = max{sd(v, x)|x ∈ V (D)}.
The strong radius srad(D) of D is
srad(D) = min{se(v)|v ∈ V (D)},
while the strong diameter sdiam(D) of D is
sdiam(D) = max{se(v)|v ∈ V (D)}.
The strong radius and strong diameter of a strong digraph satisfy the following inequality.
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Fig. 1. Strong distance in a strong digraph.
Theorem 1.1 ([1]). For every strong digraph D, srad(D) ≤ sdiam(D) ≤ 2srad(D). 
The optimal strong radius srad(G) of a graph G is
srad(G) = min{srad(D)|D is a strong orientation of G},
while the optimal strong diameter sdiam(G) of a graph G is
sdiam(G) = min{sdiam(D)|Dis a strong orientation of G}.
Denote by rad(G) (resp. diam(G)) the radius (resp. diameter) of an undirected graph G. In [2], Juan et al. considered the
bounds on the optimal strong radius (resp. strong diameter) of the Cartesian products of two connected graphs and obtained
the following result.
Theorem 1.2 ([2]). For any two connected graphs G1 and G2,
2rad(G1 × G2) ≤ srad(G1 × G2) ≤ srad(G1)+ srad(G2);
2diam(G1 × G2) ≤ sdiam(G1 × G2) ≤ sdiam(G1)+ sdiam(G2). 
Some known results on the strong distance, strong radius and strong diameter can be found in [3–5]. For graph theoretic
notation and terminology not described here, the readers are referred to [6,7].
In this work, we determine the exact value of the optimal strong radius of the Cartesian products of any two connected
graphs and a new upper bound for the optimal strong diameter. Furthermore, these results are also generalized to the
Cartesian products of any n (n ≥ 3) connected graphs.
2. The optimal strong radius of the Cartesian product graphs
In this section, we consider the optimal strong radius of the Cartesian product graphs.
Let Gi = (Vi, Ei) be a simple connected graph for each i = 1, 2. The Cartesian product G1 × G2 of G1 and G2 is the graph
with vertex set V (G1) × V (G2); two vertices ⟨u, v⟩ and ⟨x, y⟩ are adjacent if and only if either u = x and vy ∈ E(G2) or
v = y and ux ∈ E(G1). The Cartesian product of graphs is a straightforward and natural construction. It has been widely
investigated; some of its basic properties follow.
Theorem 2.1 ([8]). If G1 and G2 are two connected graphs, then diam(G1 × G2) = diam(G1)+ diam(G2). 
Theorem 2.2 ([9]). Let ⟨u, v⟩ and ⟨x, y⟩ be two arbitrary vertices of G1 × G2. Then distG1×G2(⟨u, v⟩, ⟨x, y⟩) = distG1(u, x) +
distG2(v, y), where distG1×G2(⟨u, v⟩, ⟨x, y⟩) (resp. distG1(u, x)) denotes the length of a shortest (⟨u, v⟩, ⟨x, y⟩)-path (resp.
(u, x)-path) in G1 × G2 (resp. G1). 
Recall that the eccentricity eG(v) of a vertex v in a connected graph G is eG(v) = max{distG(v, x)|x ∈ V (G)}. The radius
rad(G) of G is rad(G) = min{eG(v)|v ∈ V (D)}. We investigate the relations between the radius of the Cartesian product and
the radius of its factor graphs and obtain the result below, which is similar to Theorem 2.1.
Theorem 2.3. If G1 and G2 are two connected graphs, then rad(G1 × G2) = rad(G1)+ rad(G2).
Proof. For any ⟨u, v⟩ ∈ V (G1 × G2), by the definition of eccentricity and Theorem 2.2, we have eG1×G2(⟨u, v⟩) = max{distG1×G2(⟨u, v⟩, ⟨x, y⟩)|⟨x, y⟩ ∈ V (G1×G2)} = max{distG1(u, x)+ distG2(v, y)|x ∈ V (G1), y ∈ V (G2)} = max{distG1(u, x)|
x ∈ V (G1)} +max{distG2(v, y)|y ∈ V (G2)} = eG1(u)+ eG2(v).
Therefore, rad(G1 × G2) = min{eG1×G2(⟨u, v⟩)|⟨u, v⟩ ∈ V (G1 × G2)} = min{eG1(u) + eG2(v)|u ∈ V (G1), v ∈ V (G2)} =
min{eG1(u)|u ∈ V (G1)} +min{eG2(v)|v ∈ V (G2)} = rad(G1)+ rad(G2). 
On the basis of Theorems 2.1 and 2.3, by induction we can obtain the following corollary immediately. We omit the proof
here.
Corollary 2.4. If G1, . . . ,Gn (n ≥ 2) are connected graphs, then rad(G1×· · ·×Gn) =∑ni=1 rad(Gi) and diam(G1×· · ·×Gn) =∑n
i=1 diam(Gi). 
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The following notation is very useful for the proofs of the main result of this section. For any vertex v of G2 (resp. u
of G1), denote by G1 × v (resp. u × G2) the subgraph of G1 × G2 induced by the vertex set {⟨x, v⟩|x ∈ V (G1)} (resp. {⟨u, y⟩|
y ∈ V (G2)}). If P = x1u1u2 · · · umy1 is an (x1, y1)-path in G1, then for any b ∈ V (G2), ⟨P, b⟩ = ⟨x1, b⟩⟨u1, b⟩⟨u2, b⟩ · · · ⟨um, b⟩
⟨y1, b⟩ is an (⟨x1, b⟩, ⟨y1, b⟩)-path from the vertex ⟨x1, b⟩ to the vertex ⟨y1, b⟩ in G1 × G2. Let ⟨P−1, b⟩ = ⟨y1, b⟩⟨um, b⟩
⟨um−1, b⟩ · · · ⟨u1, b⟩⟨x1, b⟩ be a (⟨y1, b⟩, ⟨x1, b⟩)-path from the vertex ⟨y1, b⟩ to the vertex ⟨x1, b⟩ in G1 × G2. Similarly, if
Q = x2v1v2 · · · vmy2 is an (x2, y2)-path in G2, then for any a ∈ V (G1), ⟨a,Q ⟩ = ⟨a, x2⟩⟨a, v1⟩⟨a, v2⟩ · · · ⟨a, vm⟩⟨a, y2⟩ is an
(⟨a, x2⟩, ⟨a, y2⟩)-path from the vertex ⟨a, x2⟩ to the vertex ⟨a, y2⟩ inG1×G2. Let ⟨a,Q−1⟩ = ⟨a, y2⟩⟨a, vm⟩⟨a, vm−1⟩ · · · ⟨a, v1⟩
⟨a, x2⟩ be an (⟨a, y2⟩, ⟨a, x2⟩)-path from the vertex ⟨a, y2⟩ to the vertex ⟨a, x2⟩ in G1 × G2.
Next we give the main result of this section.
Theorem 2.5. For any two connected graphs G1 and G2, srad(G1 × G2) = 2rad(G1 × G2).
Proof. To prove srad(G1 × G2) = 2rad(G1 × G2), combining the above with Theorem 1.2, we only need to prove that
srad(G1 × G2) ≤ 2rad(G1 × G2). By the definition of srad(G1 × G2), it suffices to prove that there exists a strong orientation
D of G1 × G2 such that srad(D) ≤ 2rad(G1 × G2).
Suppose u ∈ V (G1) (resp. v ∈ V (G2)) such that eG1(u) = rad(G1) (resp. eG2(v) = rad(G2)). For any i ∈ {1, 2, . . . , rad(G1)}
(resp. j ∈ {1, 2, . . . , rad(G2)}), let Γi(u) = {x ∈ V (G1) : distG1(u, x) = i} (resp. Γj(v) = {y ∈ V (G2) : distG2(v, y) = j}).
Orient the edges of G1 × v by ⟨u, v⟩ → ⟨Γ1(u), v⟩ → ⟨Γ2(u), v⟩ → · · · → ⟨Γr(G1)(u), v⟩, where ⟨Γi(u), v⟩ → ⟨Γi+1(u), v⟩
means that every edge joining a vertex ⟨x, v⟩ of ⟨Γi(u), v⟩with a vertex ⟨x′, v⟩ of ⟨Γi+1(u), v⟩ is oriented from ⟨x, v⟩ to ⟨x′, v⟩,
and the other edges inG1×v are oriented arbitrarily. For any y ∈ V (G2)\{v}, orient the edges ofG1×y via ⟨Γrad(G1)(u), y⟩ →⟨Γrad(G1)−1(u), y⟩ → · · · → ⟨Γ1(u), y⟩ → ⟨u, y⟩; the other edges in G1×y are oriented arbitrarily. Orient the edges of u×G2
via ⟨u,Γrad(G2)(v)⟩ → ⟨u,Γrad(G2)−1(v)⟩ → · · · → ⟨u,Γ1(v)⟩ → ⟨u, v⟩; the other edges in u × G2 are oriented arbitrarily.
For any x ∈ V (G1)\ {u}, orient the edges of x×G2 via ⟨x, v⟩ → ⟨x,Γ1(v)⟩ → ⟨x,Γ2(v)⟩ → · · · → ⟨x,Γrad(G2)(v)⟩; the other
edges in x× G2 are oriented arbitrarily. Denote the above orientation of G1 × G2 by D.
For any x ∈ V (G1) \ {u} (resp. y ∈ V (G2) \ {v}), assume distG1(u, x) = i (resp. distG2(v, y) = j); then there exists
a shortest path P (resp. Q ) of length i (resp. j) connecting u (resp. v) to x (resp. y) in G1 (resp. G2). By the orientation of
D, ⟨P, v⟩ (resp. ⟨x,Q ⟩) is a directed path connecting ⟨u, v⟩ (resp. ⟨x, v⟩) to ⟨x, v⟩ (resp. ⟨x, y⟩) in G1 × v (resp. x × G2),
and ⟨P−1, y⟩ (resp. ⟨u,Q−1⟩) is a directed path connecting ⟨x, y⟩ (resp. ⟨u, y⟩) to ⟨u, y⟩ (resp. ⟨u, v⟩) in G1 × y (resp.
u × G2). Let C = ⟨P, v⟩ ∪ ⟨x,Q ⟩ ∪ ⟨P−1, y⟩ ∪ ⟨u,Q−1⟩; clearly, C is a directed cycle containing ⟨u, v⟩, ⟨x, v⟩, ⟨x, y⟩
and ⟨u, y⟩ with length 2(i + j) ≤ 2(rad(G1) + rad(G2)) = 2rad(G1 × G2). Thus, any vertex and ⟨u, v⟩ are contained
in a directed cycle of length not more than 2rad(G1 × G2). So D is strong and seD(⟨u, v⟩) ≤ 2rad(G1 × G2). Therefore,
srad(D) ≤ seD(⟨u, v⟩) ≤ 2rad(G1 × G2). 
By induction we can obtain the following corollary immediately.
Corollary 2.6. For any connected graphs G1, . . . ,Gn (n ≥ 2), srad(G1 × · · · × Gn) = 2rad(G1 × · · · × Gn). 
3. The optimal strong diameter of the Cartesian product graphs
In this section, we consider the upper bound on the optimal strong diameter of the Cartesian product graphs.
On the basis of Theorem 2.5, it is natural to consider whether the optimal strong diameter of the Cartesian product
graphs is equal to twice its diameter. It is a pity that the answer is no. Take Km×Kn as an example; it was proved in [10] that
sdiam(Km × Kn) ≥ 5 > 4 = 2diam(Km × Kn). On the other hand, we proved in [11] that sdiam(Pm × Pn) = 2(m+ n− 2) =
2diam(Pm × Pn), where 2 ≤ m ≤ n. That is to say, the optimal strong diameter of Pm × Pn attains the lower bound provided
in Theorem 1.2. Therefore, the lower bound of the optimal strong diameter of the Cartesian product graphs in Theorem 1.2
cannot be improved.
The celebrated one-way street theoremof Robbins [12] states that a connected graphGhas a strong orientation if and only
if no edge of G is a bridge. The symbols κ(G) and λ(G) denote the connectivity and the edge-connectivity of G, respectively.
Clearly, λ(G) ≥ κ(G) for any graph G. On the other hand, for the connectivity of the Cartesian product graphs, the result is
κ(G1 × G2) ≥ κ(G1) + κ(G2) (see, for example, [13]). Thus, if G1 and G2 are connected then λ(G1 × G2) ≥ κ(G1 × G2) ≥
κ(G1) + κ(G2) ≥ 2. By the theorem of Robbins, if G1 and G2 are connected then sdiam(G1 × G2) is finite whether or not Gi
(i = 1 or 2) contains a bridge.
On the other hand, if one of the Gi (i = 1, 2) contains a bridge, without loss of generality, suppose G1 is connected and
contains a bridge. Then sdiam(G1) is infinite since G1 has no strong orientation by the theorem of Robbins. In this situation,
sdiam(G1)+ sdiam(G2) (the upper bound provided in Theorem 1.2) cannot provide a finite bound for sdiam(G1×G2)which
is finite. So we need to find a better upper bound on the optimal strong diameter of the Cartesian product graphs. Before
presenting the new upper bound, we need some other notation.
The diameter of a digraph D is denoted by diam(D). The parameters
−−→
diam(G) and ρ(G) are defined as
−−→
diam(G) =
min{diam(D)|D is a strong orientation of G} and ρ(G) = −−→diam(G) − diam(G), respectively. The parameter ρ(G) is widely
studied; see [14–16] for example. The following lemma reveals the relation between sdiam(G) and
−−→
diam(G) for any two-
edge connected graph G.
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Lemma 3.1. For any two-edge connected graph G, sdiam(G) ≤ 2−−→diam(G).
Proof. Let D be a strong orientation of G such that diam(D) = −−→diam(G). Let x, y be two vertices of G such that sdD(x, y) =
sdiam(D). Assume P (resp. Q ) is a shortest directed path connecting x (resp. y) to y (resp. x). It is easy to show that P ∪ Q
is a strong subgraph of D containing both x and y. Denote by A(P) (resp. A(Q )) the arc set of the directed path P (resp. Q ).
Then sdD(x, y) ≤ |A(P ∪ Q )| ≤ |A(P)| + |A(Q )| ≤ 2diam(D) = 2−−→diam(G). Therefore, sdiam(G) ≤ sdiam(D) = sdD(x, y) ≤
2
−−→
diam(G). 
Next we present the new upper bound which is the main result of this section.
Theorem 3.2. For any two connected graphs G1 and G2, we have
sdiam(G1 × G2) ≤ min{4rad(G1 × G2), sdiam(G1)+ sdiam(G2), 2−−→diam(G1 × G2)}.
Proof. Let D be a strong orientation of G1 × G2 such that srad(D) = srad(G1 × G2). By Theorems 1.1 and 2.5, we have
sdiam(G1×G2) ≤ sdiam(D) ≤ 2srad(D) = 2srad(G1×G2) = 4rad(G1×G2). So, sdiam(G1×G2) ≤ 4rad(G1×G2). Combining
Theorem 1.2 with Lemma 3.1, we have sdiam(G1×G2) ≤ min{4rad(G1×G2), sdiam(G1)+ sdiam(G2), 2−−→diam(G1×G2)}. 
We know that both
−−→
diam(G1 × G2) and rad(G1 × G2) are finite since G1 and G2 are connected. So the new upper bound
is a finite one whether or not Gi (i = 1 or 2) contains a bridge. Furthermore, the parameter −−→diam(G) has been studied for
various classes of graphs. We can use the known results about
−−→
diam(G) to evaluate the value of sdiam(G).
By induction we can obtain the following corollary immediately. We omit the proof here.
Corollary 3.3. For any connected graphs G1, . . . ,Gn (n ≥ 2), 2diam(G1 × · · · × Gn) ≤ sdiam(G1 × · · · × Gn) ≤ min∑n
i=1 sdiam(Gi), 4rad(G1 × · · · × Gn), 2
−−→
diam(G1 × · · · × Gn)

. 
Next, we provide three sufficient conditions for the optimal strong diameter of the Cartesian product graphs to achieve
the lower bound given in Corollary 3.3.
For any connected graphs G1, . . . ,Gn (n ≥ 2), if ρ(G1× · · · × Gn) = 0 then−−→diam(G1× · · · × Gn) = diam(G1× · · · × Gn).
By Corollary 3.3, we have 2diam(G1 × · · · × Gn) ≤ sdiam(G1 × · · · × Gn) ≤ 2−−→diam(G1 × · · · × Gn) = 2diam(G1 × · · · × Gn).
Thus, sdiam(G1 × · · · × Gn) = 2diam(G1 × · · · × Gn) in this situation.
Corollary 3.4. For any connected graphs G1, . . . ,Gn (n ≥ 2), if ρ(G1 × · · · × Gn) = 0 then sdiam(G1 × · · · × Gn) =
2diam(G1 × · · · × Gn). 
Similarly, for any connected graphs G1, . . . ,Gn (n ≥ 2) and for each i ∈ {1, 2, . . . , n}, by Corollary 2.4 if sdiam(Gi) =
2diam(Gi) (resp. diam(Gi) = 2rad(Gi)) then sdiam(G1 × · · · × Gn) = 2diam(G1 × · · · × Gn).
Corollary 3.5. For any connected graphs G1, . . . ,Gn (n ≥ 2), if sdiam(Gi) = 2diam(Gi) for each i ∈ {1, 2, . . . , n} then
sdiam(G1 × · · · × Gn) = 2diam(G1 × · · · × Gn). 
Corollary 3.6. For any connected graphs G1, . . . ,Gn (n ≥ 2), if diam(Gi) = 2rad(Gi) for each i ∈ {1, 2, . . . , n} then
sdiam(G1 × · · · × Gn) = 2diam(G1 × · · · × Gn). 
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